Abstract. In this article, we follow Hida's approach to study the µ-invariant of the anticyclotomic projection of p-adic Hecke L-function for CM fields along a branch character. We prove a conjecture of Gillard on the vanishing of the µ-invariant and give a µ-invariant formula for self-dual branch characters.
Introduction
The purpose of this article is to study the vanishing of Iwasawa µ-invariant of anticyclotomic p-adic Hecke L-functions for CM fields. To state our main result precisely, let us begin with some notation. Let p > 2 be an odd rational prime. Let F be a totally real field of degree d over Q and K be a totally imaginary quadratic extension of F . Let D F be the discriminant of F . Fix two embeddings ι ∞ :Q → C and ι p :Q → C p once and for all. Let c denote the complex conjugation on C which induces the unique non-trivial element of Gal(K/F ). We assume the following hypothesis throughout this article:
(ord) Every prime of F above p splits in K.
Fix a p-ordinary CM type Σ, namely Σ is a CM type of K such that p-adic places induced by elements in Σ via ι p are disjoint from those induced by elements in Σc. The existence of such a CM type Σ is assured by our assumption (ord). We recall some properties of p-adic L-functions for CM fields. As in [Kat78] , to a Néron differential on an abelian scheme A /Z of CM type (K, Σ) we can attach the complex CM period Ω ∞ = (Ω ∞,σ ) σ ∈ (C × ) Σ and the p-adic CM period Ω p = (Ω p,σ ) σ ∈ (Z × p ) Σ . Let C be a prime-to-p integral ideal of K and decompose C = C + C − , where C + (reps. C − ) is a product of split prime factors (resp. ramified or inert prime factors) over F . Let Z(C) be the ray class group of K modulo Cp ∞ . In [Kat78] and [HT93] , ā Z p -valued p-adic measure L C,Σ on Z(C) is constructed such that 1 Ω where (i) λ is a Hecke character modulo Cp ∞ of infinity type kΣ + κ(1 − c) with either k ≥ 1 and κ ∈ Z ≥0 [Σ] or k ≤ 1 and kΣ + κ ∈ Z >0 [Σ] , and λ is the p-adic avatar of λ regarded as a p-adic Galois character via geometrically normalized reciprocity law, (ii) Eul p (λ) and Eul C + (λ) are certain modified Euler factors (See (4.16)), (iii) ϑ is a well-chosen element in K such that c(ϑ) = −ϑ.
We fix a Hecke character χ of infinity type kΣ with k ≥ 1 and suppose that C is the prime-to-p conductor χ.
Let Γ − be the maximal Z p -free quotient of the anticyclotomic quotient Z(C) − of Z(C). Let L − χ,Σ be the p-adic measure on Γ − obtained by the pull-back of L C,Σ along χ. In other words, for every locally constant function φ on Γ − , we have
We call L − χ,Σ the anticyclotomic p-adic L-function with the branch character χ. Let v p be the valuation of C p normalized so that v p (p) = 1. Recall that the µ-invariant µ(ϕ) of aZ p -valued p-adic measure ϕ on a p-adic group H is defined to be µ(ϕ) = inf One of our main results in this paper is to give an exact formula of µ − χ,Σ when the Hecke character χ is self-dual in terms of the local invariants µ p (χ v ) attached to χ. Recall that we say χ is self-dual if χ| A × F = τ K/F |·| AF , where τ K/F is the quadratic character associated to K/F . It is not difficult to see that µ p (χ v ) agrees with the one defined in [Fin06] 1 when χ is self-dual. We remark that an important class of self-dual characters are those associated to CM abelian varieties over totally real fields (cf. [Shi98, 20.15] ). Our first result is the determination of µ If the branch character χ is not self-dual, we do not get the precise formula of µ − χ,Σ , but we can still offer the following criterion on the vanishing of µ − χ,Σ at least when χ is not residually self-dual (Cor. 5.6). Theorem B. Suppose that p ∤ D F and that (L) µ p (χ v ) = 0 for every v|C − , (N) χ is not residually self-dual, namely χ + ≡ τ K/F ω F (mod m). If K is an imaginary quadratic field, Theorem A is proved by T. Finis [Fin06] . For general CM fields, both theorems are proved by Hida [Hid10] under the assumption that C − = (1). The idea of Hida is to construct a family of p-integral Eisenstein series {E
• a } a∈D indexed by a suitable finite subset D of transcendental automorphism groups of the deformation space of the ordinary CM abelian variety A /Fp such that the t-expansion of some linear combination E of {E Eisenstein series E • a . Assuming C − = (1), Hida computes the Fourier coefficients of E • a , from which he is able to deduce a necessary and sufficient condition for the vanishing of µ-invariant µ − χ,Σ . As remarked by Hida, the reason for the assumption C − = (1) is that the calculation of the Fourier coefficients is rather complicated if C − = (1). The aim of this paper is to lift the assumption C − = (1). The idea is to construct a new family of the toric Eisenstein series {E a } a∈D of which the Fourier coefficients can be computed with the help of representation theory and rewrite E as a linear combination of these E a . The construction of E a relies on a special choice of local sections in a certain local principal series at each place of F . The choice of local sections outside p has been made in [Hsi12, § 4.3] . At the places above p, such a choice is inspired by [HLS06] , where Katz p-adic Eisenstein measure is studied from representation theoretic point of view. To obtain the formula of µ − χ,Σ , we have to compute explicitly all Fourier coefficients of E a , which in turn can be decomposed into a product of the local Whittaker integrals attached to these local sections. In [Hsi12] , the local Whittaker integrals are determined explicitly by a straightforward computation at all places v other than those inert or ramified with v(C − ) > 1. In general, for each v|C − and β ∈ F × v , the local β-th Whittaker integral is essentially the partial Gauss sum A β (χ v ) given by
where δ ∈ K v such that c(δ) = −δ and ψ • is an additive character on F v . It turns out that the µ-invariant µ
is determined by the p-adic valuations of A β (χ v ) with β in the global field F for all v|C − , and in particular, the non-vanishing modulo p of A β (χ v ) for some β ∈ F implies the vanishing of µ − χ,Σ . It seems that A β (χ v ) is difficult to evaluate in general. However, we can deduce the vanishing of µ − χ,Σ , assuming the vanishing of the local invariant µ p (χ v ) for each v|C − . In other words, we can show the existence of β ∈ F such that
Indeed, it is shown in [Hsi12, Lemma 6.4] that at each v|C − there exists some β v in the local field F v with A βv (χ v ) non-vanishing modulo p, and then the strong approximation enables us to deduce easily the existence of β in the global field F with the property (n.v.) if χ is not residually self-dual. In the special case χ is self-dual and the global root number W (χ * ) = +1, we further need to show that this β v satisfies certain epsilon dichotomy (See Prop. 6.3). Under the assumption the ramified part of C − is square-free, this epsilon dichotomy for β v is verified in [Hsi12] . To treat the general case, we identify A β (χ v ) with the Whittaker integral associated to a certain Siegel-Weil section in the degenerate principal series of U (1, 1) and apply results in [HKS96, §6 and §8] to show that β indeed satisfies the epsilon dichotomy whenever A β (χ v ) = 0. This paper is organized as follows. In the first three sections, we review the theory of p-adic Hilbert modular forms and CM points in Hilbert modular varieties. In §4, we give the construction of our p-adic Eisenstein measure E (Prop. 4.6). We show in Prop. 4.9 that the period integral of E against a non-split torus gives rise to p-adic L-functions for CM fields constructed in [Kat78] and [HT93] . In §5, we review Hida's theorem on the linear independence of modular forms applied by the automorphisms in D proved in [Hid10] . Finally, in §6 after establishing a crucial lemma (Lemma 6.1) relating the non-vanishing of A β (χ v ) to the epsilon dichotomy of β, we prove our main result (Theorem 6.5).
1.1. Let F be a totally real field of degree d over Q and let K be a totally imaginary quadratic extension of F . Let c be the complex conjugation, the unique non-trivial element in Gal(K/F ). Let O and R be the ring of integer of F and K respectively. Let D F (resp. D F ) be the different (resp. discriminant) of F /Q.
F . Denote by a = Hom(F , C) the set of archimedean places of F . Denote by h (resp. h K ) the set of finite places of F (resp. K). We often write v for a place of F and w for the place of K above v. Denote by F v the completion of F at v and by ̟ v a uniformizer of
We fix a rational prime p. Throughout this article, in addition to (ord), we further assume
If Σ is a CM type of K, we put
Recall that Σ is p-ordinary if Σ p ∩ Σ p c = ∅ and Σ p ∪ Σ p c is the set of places of K lying above p. The existence of p-ordinary CM types is assured by (ord). Hereafter we fix a p-ordinary CM type Σ, and identify Σ with a by the restriction to F .
Denote by G L the absolute Galois group and by rec L :
We choose once and for all an embedding ι ∞ :Q ֒→ C and an isomorphism ι : C ≃ C p , where C p is the completion of an algebraic closure of Q p . Let ι p = ιι ∞ :Q ֒→ C p be their composition. We regard L as a subfield in C (resp. C p ) via ι ∞ (resp. ι p ) and Hom(L,Q) = Hom(L, C p ).
LetZ be the ring of algebraic integers ofQ and letZ p be the p-adic completion ofZ in C p . LetZ be the ring of algebraic integers ofQ and letZ p be the p-adic completion ofZ in C p with the maximal ideal m p . Let
1.3. Let F be a local field. We fix the choice of our Haar measure dx on F . If F is archimedean, dx is the Lebesgue measure on F . If F is a non-archimedean local field, dx (resp. d × x) is the Haar measure on F (resp.
. Denote by |·| F the absolute value of F such that d(ax) = |a| F dx for a ∈ F × . We often drop the subscript F if it is clear from the context.
Hilbert modular Shimura varieties and Hilbert modular forms
2.1. The purpose of this section is to review standard facts about Hilbert modular Shimura varieties and Hilbert modular forms. We follow the exposition in [Hid04, §4.2]. Let V = F e 1 ⊕ F e 2 be a two dimensional F -vector space and , : V ×V → F be the F -bilinear alternating pairing defined by e 1 , e 2 = 1. Let
We identify vectors in V with row vectors according to the basis e 1 , e 2 , so G has a natural right action on V . Define a left action of G on V by g * x := x · g ′ , x ∈ V . For a finite place v of F , we put
We assume that K ⊃ U (N ) for some N as above and that K is sufficiently small so that the following condition holds:
2.2. Kottwitz models. We recall Kottwitz models of Hilbert modular Shimura varieties.
Definition 2.1 (S-quadruples). Let be a finite set of rational primes and let U be an open-compact subgroup of K 0 such that U ⊃ U (N ) for some positive integer N prime to . Let
over the category SCH /WU of schemes over W U as follows. Let S be a locally noethoerian connected W U -scheme and let s be a geometric point of S. Objects are abelian varieties with real multiplication (AVRM) over S of level U , i.e. a S-quadruple (A,λ, ι, η ( ) ) S consisting of the following data:
(1) A is an abelian scheme of dimension d over S.
Furthermore, (A,λ, ι, η ( ) ) S satisfies the following conditions:
• Let e λ be the Weil pairing induced by λ. Lifting the isomorphism Z/N Z ≃ Z/N Z(1) induced by ζ N to an isomorphism ζ :Ẑ ≃Ẑ(1), we can regard e λ as an F -alternating form e λ :
We say A ∼ A ′ (resp. A ≃ A ′ ) if there exists a prime-to-isogeny (resp. isomorphism) in Hom A
We consider the cases when = ∅ and {p}. When = ∅ is the empty set and
By the theory of Shimura-Deligne, E U is represented by Sh U which is a quasi-projective scheme over W U . We define the functor E U : SCH /WU → SET S by
K is representable by a quasi-projective scheme Sh
K . Let c be a prime-to-pN ideal of O and let c ∈ (A (pN )
is independent of a choice of λ in λ under the assumption (neat) (cf. [Hid04, p.136] ). We consider the functor
c,K is represented by a geometrically irreducible scheme Sh
K (c) /W , and we have
where Cl + F (K) is the narrow ray class group of F with level det(K).
2.3. Igusa schemes. Let n be a positive integer. Define the functor I (p)
where (A,λ, ι, η (p) ) S is a S-quadruple, j is a level p n -structure, i.e. an O-group scheme morphism:
and ∼ means modulo prime-to-p isogeny. It is known that I
[HLS06, Lemma (2.1.6.4)]) and thus is represented by a scheme I K,n . Now we consider S-quintuples
K (c), and I K,n (c) can be identified with a geometrically irreducible subscheme of
Complex uniformization. We describe the complex points Sh
Let F + be the set of totally positive elements in F and let G(F )
Define the complex Hilbert modular Shimura variety by
It is well known that
• The complex abelian variety
. For a positive integer n, the exponential map gives the isomorphism exp(2πi−) : p −n Z/Z ≃ µ p n and thus induces a level p n -structure j(g p ):
We have a non-canonical isomorphism:
2.5. Hilbert modular forms. For τ ∈ C and g = a b c d ∈ GL 2 (R), we put
Definition 2.2. Denote by M k (K n 1 , C) the space of holomorphic Hilbert modular form of parallel weight kΣ and level
We call
If B is a ring, we denote by B L the set of all formal series
If B is a W-algebra in C, we put
To a pair (a, b) of two prime-to-pN fractional ideals , we can attach the Tate
= be 1 ⊕ a * e 2 . Then we have a level N -structure
induced by the fixed primitive N -th root of unity ζ N . We write T ate a,b for the Tate Z((ab;
2.5.2. Geometric modular forms. We collect here definitions and basic facts of geometric modular forms. The whole theory can found in [Kat78] and [Hid04] .
A geometric modular form f over B of weight κ on I K,n (c) (resp. I K,n ) is a functorial rule of assigning a value f (A, j, ω) ∈ C satisfying the following axioms.
) the space of geometric modular forms over B of weight k on I K,n (c) (resp.
we regard f as a holomorphic Hilbert modular form of weight k and level K
where dz is the differential form in (2.3). By GAGA principle, this gives rise to an isomorphism
is independent of the auxiliary choice of S in the construction of the Tate object. Moreover, we have the following important identity which bridges holomorphic modular forms and geometric modular forms
2.5.3. p-adic modular forms. Let B be a p-adic W-algebra in C p . Let V (c, K, B) be the space of Katz p-adic modular forms over B defined by
In other words, Katz p-adic modular forms are formal functions on the Igusa tower. Let C be a B/p m B-
which preserves the q-expansions in the sense that f
for every W-algebra B. Using the description of the complex points Sh K (C) in §2.4, the two pairs (A g (τ ) |h, ω) and (A gh (τ ), ω) are Z (p) -isogenous, so we have the isomorphism:
3. CM points 3.1. In this section, we give an adelic description of CM points in Hilbert modular varieties. Fix a prime-to-p integral ideal C of R. Decompose C = C + C − , where C + = FF c is a product of split primes in K/F such that (F, F c ) = 1 and F ⊂ F c c , and C − is a product of non-split primes in K/F . Let
Consider the isomorphism q ϑ :
For each split place v|pFF
c , we decompose v = ww into two places w and w of K with w|FΣ p . Here w|FΣ p means w|F or w ∈ Σ p . Let e w (resp. e w ) be the idempotent associated to w (resp. w). Then {e w , e w } gives an O v -basis of R v . Let ϑ w ∈ F v such that ϑ = −ϑ w e w + ϑ w e w .
For a non-split place v and w the place of
3.3. A good level structure. We shall fix a choice of a basis 
. The matrix representation of ς v according to {e 1 , e 2 } for v|D is given as follows:
(3.1)
if v|pFF c and w|FΣ p .
3.4. The alternating pairing , : K×K :→ F defined by x, y = (c(x)y − xc(y))/2ϑ induces an isomorphism
On the other hand, by the equation
be the c(a)-polarized C-quintuple associated to (ϑ Σ , ρ(a)ς f ) as in §2.4. Then (A(a), j(a)) /C is an abelian variety with CM by the field K and gives rise to a complex point 
For s ∈ C, we let I(s, λ + ) denote the space consisting of smooth and
Conventionally, functions in I(s, λ + ) are called sections. Let B be the upper triangular subgroup of G. The adelic Eisenstein series associated to a section φ ∈ I(s, λ + ) is defined by
The series E A (g, φ) is absolutely convergent for Re s ≫ 0.
4.2.
Fourier coefficients of Eisenstein series. We put w = 0 −1 1 0 . Let v be a place of F and let I v (s, λ + ) be the local constitute of I(s, λ + ) at v. For φ v ∈ I v (s, λ + ) and β ∈ F v , we recall that the β-th local
and the intertwining operator M w is defined by
By definition, M w φ v (g v ) is the 0-th local Whittaker integral. It is well known that local Whittaker integrals converge absolutely for Re s ≫ 0, and have meromorphic continuation to all s ∈ C. If φ = ⊗ v φ v is a decomposable section, then it is well known that E A (g, φ) has the following Fourier expansion:
The sum φ(g) + M w φ(g) is called the constant term of E A (g, φ). 
Here d L x is the Haar measure on L self-dual with respect to ψ L . The local root number W (µ) is defined by
To simplify our notation, we put
The archimedean case: Let v = σ ∈ Σ and F = R. For g ∈ GL 2 (R), we put 
Define the sections φ
The intertwining operator M w φ k,s,σ is given by
The case v ∤ D or v|pFF c : Denote by S(F ) and (resp. S(F ⊕ F )) the space of Bruhat-Schwartz functions on F (resp. F ⊕ F ). Recall that the Fourier transform ϕ for ϕ ∈ S(F ) is defined by
For a character µ : F × → C × , we define the function ϕ µ ∈ S(F ) by
If v|pFF c is split in K, write v = ww with w|FΣ p , and set
To a Bruhat-Schwartz function Φ ∈ S(F ⊕ F ), we can associate a Godement section f Φ,s ∈ I v (s, λ + ) defined by
Define the Godement section φ λ,s,v by
We remark that the choice of Φ w ∈ S(F ) be Bruhat-Schwartz functions given by
w (y).
The case v|D K/F C − : In this case, E is a field and G(F ) = B(F )ρ(E × ). Let φ λ,s,v be the unique smooth section in I v (s, λ + ) such that
where L(s, λ v ) is the local Euler factor of λ v , and ς v is defined as in (3.1). Note that L(s, λ v ) = 1 unless v ∤ C is ramified in K.
The local Whittaker integrals.
We summarize the formulae of the local Whittaker integrals of the special local sections φ λ,s,v in the following proposition.
Proposition 4.1. The local Whittaker integrals of φ λ,s,v are given as follows:
If v ∈ h and v ∤ D, then
If v|D, then
If v = ww with w ∈ Σ p , then we have
In particular, we have
where U v is the torsion subgroup of O for each finite v ∤ p, so the local Whittaker integrals W β (φ λ,s,v , 1 c 
and we have
We define the holomorphic (resp. nearly holomorphic) Eisenstein series E h λ (Φ) (resp. E n.h.
be the Bruhat-Schwartz function defined in (4.5) and set E 
The last equality follows from the formulae of the local Whittaker integrals in Prop. 4.1. It is clear that a 
where the β-th Fourier coefficient a β (E h λ,u , c) is given by (4.10)
where U p is the torsion subgroup of O 
Thus, we have
This completes the proof. 
More precisely, from the definitions of the sections φ λ,s,v and f Φ , it is not difficult to deduce that 4.6. p-adic Eisenstein measure. For every integral ideal a of R, we put
Let Z(C) be the ray class group of K modulo Cp ∞ . Then the reciprocity law rec K induces an isomorphism:
Let C(Z(C),Z p ) be the space of continuousZ p -valued functions on Z(C). Define a subset X + of locally algebraic p-adic characters by
Let Z 1 := rec K (Z 1 ) be a subgroup of Z(C).
We write E 
Moreover, if λ has infinity type kΣ + κ(1 − c), then
Recall that if λ is a Hecke character of infinity type kΣ + κ(1 − c),
. By definition, we have
By the inspection of (4.9), we find that a (p) β (λ, c) has the following form:
Therefore, we have
For every φ ∈ C(Z(C),Z p ), we define a β (φ, c) :
If λ ∈ X + , then κ = 0 and a β ( λ, c) = ι p (a β (E h λ , c)), and we have
Therefore, by the q-expansion principle and the Zariski density of
In addition, if λ has infinity type kΣ + κ(1 − c), then (4.14) 
It is shown in [Hsi12, §5.1] that
Proposition 4.7. The local period integral l Kv (φ v , λ v ) is given as follows:
Proof. These formulas can be found in [Hsi12, §5.2, §5.3].
It remains to determine the local period integral l Kv (φ v , λ v ) for v|pFF c . In this case, φ v is the Godement section f Φ 0 v ,s associated to the Bruhat-Schwartz function Φ 0 v defined in (4.4). We thus have
where Φ Kv is given by
. By a direct computation as in [Hsi12, §5.2], we find that
On the other hand, Z(s, λ w , ϕ w ) = 1 and d Fv = −2ϑ w . Hence, we find that
Define the modified Euler factors Eul p (λ) and Eul C + (λ) by (4.16)
Combining Prop. 4.7 and (4.15), we obtain the following formula of the period integral l K (E n.h. λ ).
Proposition 4.8. Let r be the number of prime factors of D K/F . We have
Recall that we introduced a subgroup
− be the subgroup of Cl − generated by the image of T in Cl − . It is easy to see that Cl alg − is in fact generated by primes ramified over F . In particular, ♯Cl alg − is a power of 2. Let D 1 be a set of representatives of Cl − /Cl
× . Following [Hid10, (4.12)], we let L C,Σ be the p-adic measure on Z(C) such that for each φ ∈ C(Z(C),Z p ), x(a) ).
Here φ|[a] ∈ C(Z(C),Z p ) is the translation given by φ|[a](x) := φ(x rec K (a)). By Prop. 4.6, if λ is the p-adic avatar of a Hecke character λ of infinity type kΣ + κ(1 − c), then we have
Let U be the torsion subgroup of K × and let U alg = (K × ) 1−c ∩ R × be a subgroup of U. We have the following evaluation formula of the measure L C,Σ .
Σ be the complex and p-adic CM periods of (K, Σ) respectively. Then we have
Note that t K is a power of 2.
Proof. Let δ .2)] we find that
). by (4.8), (4.18).
It is clear that the proposition follows from Prop. 4.8. 5. Hida's theorem on the anticyclotomic µ-invariant 5.1. We fix a Hecke character χ of infinity type kΣ, k ≥ 1 and suppose C is the prime-to-p conductor of χ. Let Z(C)
− be the anticyclotomic quotient of Z(C). We have an isomorphism
Let Γ − be the maximal Z p -free quotient of Z(C) − . Each function φ on Γ − will be regarded as a function on Z(C) by the natural projection π − : 
where I b.Γ ′ and I Z ′ are the characteristic functions of b.Γ ′ and Z ′ . Note that the last equality follows from the fact that the Eisenstein measure E c(a) has support in Z 1 ⊂ Z ′ (Prop. 4.6 (i)). Recall that the µ-invariant µ(ϕ) of aZ p -valued p-adic measure ϕ on a p-adic group H is defined to be
Let µ Proof. This is clear from the definitions of µ-invariants and
We shall follow Hida's approach to compute the µ-invariants µ 
Fix c = c(R).
A functorial point in I K (c) will be written as (A, η), where A = (A, λ, ι) and η = (η (p) , η p ).
Enlarging W if necessary, we let W be the p-adic ring generated by the values of λ on finite ideles over W . Let m W be the maximal ideal of W and fix an isomorphism
} be a basis of O over Z and let t be the character
, it is well known that the deformation space S y of y is isomorphic to the formal torus T by the theory of Serre-Tate coordinate ( [Kat81] ). The p ∞ -structure η y,p of A y induces a canonical isomorphism ϕ y :
For a deformation z = (A, η) /R ∈ S x0 (R) of x 0 over an artinian local ring R with the maximal ideal m R and the residue fieldF p , we let t(A, η) := t(ϕ −1 x0 ((A, η) /R )) ∈ 1 + m R . Then x is the canonical lifting of x 0 , i.e. t(x) = 1. For f ∈ V (c, K, W ), we define
We call the formal power series f (t) the t-expansion around x 0 of f . For each u ∈ O × p , let uz := (A, η (p) , uη p ) be a deformation of ux 0 . Then we have t(uz) = t(z) u and hence ϕ *
and let E u,a be the p-adic avatar of E u,a . Fix a sufficient large finite extension L over Q p so that χ and E u,a |[a] are defined over O L for all (u, a), and hence 
, let ν κ be the p-adic character of Γ ′ such that ν κ (rec Σp (y)) = y κ , y ∈ 1 + pO p . By the definition of E b , we find that
where E U ,a := u∈Up u −κ E u,a . Let χ κ be the Hecke character such that the p-adic avatar χ κ is χν κ . Then χ κ has infinity type kΣ + κ(1 − c). We are going to show that θ κ E U ,a = θ κ E χκ,c(a) by comparing the qexpansions. A key observation is that since ν κ is anticyclotomic and unramified outside p, we find that a
β (χν κ , c(a)) in view of (4.13). By the inspection of the q-expansion of E U ,a at (O, c(a) −1 ), we find that
by (4.14).
We thus conclude that θ κ E U ,a = θ κ E χκ,c(a) by the q-expansion principle. By (5.1), we have
In other words, θ κ E b | t=1 interpolates the κ-th moment of the measure L b χ,Σ , and hence the proposition follows.
alg as a subgroup of U p by the imbedding induced by Σ p , we let D 0 be a set of representatives of U p /U alg in U p .
Proof. Let a 1 , a 2 ∈ D 
Proof. Let v ∈ U alg . We may write v −1 = α 1−c for some α ∈ R × (p) since p is assumed to be unramified in K. Regarding α as an idele in A × K , we denote by α ∞ and α f the infinite and finite components of α respectively. Let (a, b) ∈ D 1 ×D ′′ 1 . By Lemma 5.4 and (4.11), for each u ∈ U p we have
Therefore, we find that
and
). 
Since E u,a |[a] is the p-adic avatar of E u,a , it follows from the irreducibility of Igusa tower that
. From the q-expansion principle of p-adic modular forms ( [DR80] ) and Lemma 5.1, we find that µ
Proof. It follows from [Hsi12, Prop. 6.3 and Lemma 6.4] (following an argument of Hida) that if χ is not residually self-dual, then for some a ∈ D 1 we can find
Hence, v p (a β (E h λ,u , c(a))) = 0 for u ≡ β (mod p). We conclude that µ − χ,Σ = 0 by Theorem 5.5.
6.
Proof of Theorem A 6.1. In this subsection, we fix a place v|C − and let w be the place of
The idea is to identify A β (χ) with the Whittaker integrals of a certain Siegel-Weil section on U (1, 1). Let W = E with the skew-Hermitian form x, y W = δxy. Let G = U (W )(F ) be the associated unitary group and let H = U (W + W − )(F ), where W − is the Hermitian space (W, − , W ). We let ξ = χ * v and define the induced representation I(ξ, s) of H by
Let ∆ = δ 2 ∈ F and let T = −∆βd g + 1 .
Let Φ 1 be the section Φ η defined in [HKS96, p.989 (8.6)] with η = 1 the trivial character. Then Φ 1 is the unique function in I(ξ, s) such that Φ 1 (1) = 1 and Φ 1 (hi(g, 1)) = Φ 1 (h) for every g ∈ G. Recall that On the other hand, note that p divides 1 + |̟| −1 if µ p (χ) > 0. Thus v p (A β (χ)) ≥ µ p (χ) for every β ∈ F × . We proceed to prove the second assertion. Choose a sufficiently large finite extension L of Q p so that χ and A β (χ) for β ∈ ̟ The following proposition is the key ingredient in our proof. 6.2. Now we are ready to prove our main theorem. Proof. In view of (4.9) and Prop. 6.2, we find that v p (a 
